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Medium-indued modifiations of the pi+pi− and qq annihilation
mehanisms of dilepton prodution during relativisti heavy ion
ollisions are onsidered. Due to the dense hadron environment,
the pions produed during a ollision are effetively onfined in a
finite volume, in whih they live for a finite time whih is saled
as the lifetime of a fireball. Keeping the vauum mass and width
of the ρ-meson form-fator, we ompare two approahes to the de-
sription of the ρ-meson behavior. In the first approah, a ρ-meson
has a zero mean free path due to the dense hadron environment.
But, in the seond approah, it propagates as in vauum. Our
results indiate that, due to the spae-time finiteness of the pion
system whih generates the orresponding quantum randomiza-
tion, the dilepton rates are finite in the invariant low-mass region
M 6 2mpi. It is found that the spatial finiteness of quark wave
funtions and the finiteness of the lifetime of exited states re-
sult in the same effet for the qq annihilation to dileptons. The
breaking of the detailed energy-momentum onservation due to
the broken translation invariane is disussed.
Introdution
Lepton pairs produed in high energy nuleus-nuleus
ollisions provide an information on the early high-
temperature and high-density stage, where the quark-
gluon plasma (QGP) formation is expeted. The regis-
tration of dileptons gives important observables whih
probe the the pion dynamis in the dense nulear mat-
ter that exists on the early stage of the ollision. After
the reation, e+ e− and µ+ µ− pairs do not pratially
interat with the surrounding hadron matter, and the
analysis of the final dilepton spetra experimentally ob-
tained provides an exellent possibility to investigate the
expansion dynamis of hadron fireballs. The enhane-
ment in the prodution of dileptons with an invariant
mass of 200-800 MeV observed by the CERES ollabora-
tion [1, 2℄ has reeived a onsiderable attention reently
and has been studied in the framework of various the-
oretial models. It was found that the most prominent
hannel of the dilepton prodution aounting a large
part of the observed enhanement is the pion annihila-
tion [3, 4℄. The sensitivity of the dilepton spetra to a
variation in the initial onditions for a hadron fireball
was investigated. Namely, an enhanement of the dilep-
ton prodution was explained by a modifiation of pions
in the medium, the pion-nulear form-fators in the pi-
on gas [3℄, or the pion dispersion relation modified in the
medium [5, 6℄. The inlusion of the effets of baryon res-
onanes [7, 8℄ whih ouple diretly to ρ-mesons seems
to be able to substantially inrease the yield, although
the alulation in [9℄ found a muh smaller effet due to
baryons. In [10℄, the dilepton prodution was alulated
as a result of the interation between long-wavelength
pion osillations or disoriented hiral ondensates and
the thermal environment within the linear sigma model.
It was shown that the dilepton yield with the invariant
mass near and below 2mpi an be larger up to two orders
of magnitude than the orresponding equilibrium yield
due to soft pion modes. Finite pion width effets and
their influene on ρ-meson properties and, subsequent-
ly, on dilepton spetra were investigated in [11℄, and the
influene of nonequilibrium proesses and finite times
were investigated in [12℄. The onlusion of many works
is that, in order to better fit the experimental data, an
additional modifiations, whih are due to the medium
and nonequilibrium proesses, should be onsidered (for
reent review, see [13℄).
The purpose of the present paper is to revise the anni-
hilation mehanism of dilepton prodution by taking in-
to aount that a multipion system or a multiquark sys-
tem is onfined to a finite spae-time region. The stan-
dard onsideration of the reation π+ π− → ρ→ γ∗ → l l
or q q → l l [14, 15, 16, 17℄ assumes an infinite spae-time
volume of the multipartile system. This results imme-
diately in the "sharp" energy-momentum onservation
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and presene of the δ-funtion δ4(K − P ) as a fator of
the S-matrix element (here, K = k1+k2 is the total mo-
mentum of the pion pair, and P = p+ + p− is the total
momentum of the lepton pair). As a onsequene of the
equality K = P , the invariant mass of the two-pion sys-
tem is speified as K2 = M2, where M is the invariant
mass of a registered lepton pair, i.e. P 2 = M2. Howev-
er, if the pion gas does not spread in all the spae, but
it oupies a finite spae-time volume, and its lifetime
is not long enough, the δ-funtion should be smeared to
another distribution, e.g., ρ(K−P ) whih represents the
distribution of the two-pion total energy K0 and total
momentum K around the measurable quantities P 0 and
P, respetively. Effetively, this means the smearing of
the pion pair invariant mass Mpi =
√
K2 around the
mass M of a lepton pair. For instane, in the ase of a
finite time interval, one an use the Breit-Wigner ener-
gy distribution in plae of δ(K0 − P 0). In the ase of a
finite spatial volume, one an introdue a relevant form-
fator ρ(K−P) instead of δ3(K−P). The onsequene
of smearing a distribution in the 4-momentum spae is
strong enough. The rate beomes measurable under the
"standard" threshold, i.e. for the values M < 2mpi,
and down to two lepton masses. For instane, for the
eletron-positron pair prodution, the rate beomes mea-
surable even in the viinity of 2me ≈ 1MeV, whereme is
the eletron mass. Obviously, this phenomenon is due to
the unertainty priniple. In fat, if the life-time of a pion
system is restrited, for instane, by τ = 2 fm/, then the
energy (invariant mass) unertainty is in the range up to
∆E = 100MeV. Atually, this means that lepton pairs
with invariant masses down toM ∝ 2mpi−100MeV an
be registered. Indeed, in aordane with quantum me-
hanis, we an speak about this matter beause the ex-
perimental data are taken from every partiular event of
the ollision of two relativisti nulei. Reations (quark-
antiquark annihilation, pion-pion annihilation, et.) at-
tributed to a partiular event take plae during a fi-
nite time (τ = 4 ÷ 10 fm/) and in a bounded volume
(R = 4 ÷ 10 fm) whih are fixed by a number of other
measurements haraterizing the partiular event.
Another important onsequene of the finiteness of
a reation spae-time volume is a utting of the "exat
onnetion" between the lepton-lepton .m.s. and the
pion-pion .m.s. Indeed, the relation between the total
momentum P of an outoming lepton pair and the to-
tal momentum K of an inoming pion pair is weighted
now by the distribution funtion ρ(K − P ) whih an
be regarded as a smeared pattern of δ4(K − P ). That is
why, any quantity determined (evaluated) in the lepton-
lepton .m.s. whih moves with the veloity vP = P/P0
in the lab system should be Lorentz-transformed to the
pion-pion .m.s. whih, in turn, moves with the veloity
vK = K/K0 in the lab system. As seen, suh a trans-
formation brings a suffiient inrease of the eletron-
positron emission rate for small invariant masses M
whih are in the range 2me < M < 2mpi.
Atually, a restrition of the spae-time volume in
the proess a a→ b b indues several effets whih should
be taken into aount. Basially, the nonequilibrium be-
havior results in a orretion of the standard spetrum
[17℄ obtained in the infinite spae-time. On the other
hand, this orretion an be onventionally separated
into three different ontributions: a) First, it is a non-
stationary behavior of a multipartile system. If, for in-
stane, the multipion system whih provides pions for
the proess π+ π− → l l has a finite lifetime, then indi-
vidual pion states are also nonstationary, and a deay
of the states should be taken into aount, b) The se-
ond ontribution omes from the diret presene of the
form-fator of the multipion system whih pratially de-
termines the finiteness of a spae-time volume oupied
by the system, ) At least, as we disussed above, the
third ontribution omes from smearing of the δ-funtion
onnetion between the total 4-momentum of inoming
partiles (pions) and the total 4-momentum of outgoing
partiles (leptons).
The goal of the present paper is to estimate the influ-
ene of the finite spae-time volume of a hadron reation
zone on the dilepton emission rate.
1. Two-pion annihilation in a dense hadron
medium
We assume that the pion plasma whih has been formed
after the equilibration proess exists in a finite volume,
and the onfinement of pions to this volume is a diret
onsequene of the dense hadron environment whih pre-
vents the esape of pions during some mean lifetime τ.
We sketh a possible geometry in Fig. 1. A small irle
of radius R represents the subsystem of pions whih is in
the loal equilibrium and moves with olletive veloity
v. If the fireball size is of the order of R0 ∝ 4 ÷ 10 fm,
then the mean size of a small subsystem is of the order
of R ∝ 1÷5 fm. So, we assume that pion states φλ(x) (λ
aumulates relevant quantum numbers) whih an take
part in the annihilation reation are effetively bounded
in a finite volume marked by radius R in Fig. 1.
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Fig. 1. Sketh of an expanding fireball. The small irle of radius
R represents the subsystem of pions whih is in a loal equilibri-
um state and moves with the olletive veloity v. If the fireball
size is of the order of R0 ∝ 4 ÷ 10 fm, then the size of the small
subsystem is R ∝ 1÷ 5 fm.
The pion-pion annihilation reation in aordane
with vetor meson dominane runs in the following way
(see Fig. 2a, 2b): pions annihilate through a ρ-meson
whih, in turn, transforms to a virtual photon reating
a lepton-antilepton pair, i.e. π+ π− → ρ → γ∗ → l l.
Let us point out that the system of pions under disus-
sion has been formed in ultrarelativisti nuleus-nuleus
ollisions and, together with other speies, represents a
superhigh dense state of matter, where the reated pio-
ns are bounded during the lifetime of the fireball by the
hadron environment. To represent the finite lifetime and
spatial squeezing of pion states, whih an take part in
the annihilation reation, we adopt the ansatz for pion
wave funtions
φλ(x) =
√
ρ(x)eiαλ(x) , (1)
where ρ(x) is the density of pions in the volume Vpi, in
whih pions being in a loal thermodynami equilibri-
um (marked by radius R in Fig. 1). Assuming a single-
partile wave funtion in the form (1), we should like
to note that partiles whih are squeezed approximately
to a dense paking reate a strongly orrelated quantum
system like that observed in quantum liquids. One of the
reent results of HBT interferometry (the investigation
of two-partile spetra) indiates that the pions regis-
tered as seondaries in heavy ion ollisions are emitted
from the region of homogeneity of a fireball. We take this
as a basis for the assumption that the volume Vpi during
the evolution inside a fireball is approximately equal to
that of the homogeneity region. Hene, one an assume
a smooth behavior of the phase of the wave funtion (1)
inside this volume and expand the phase funtions αλ(x)
in the oordinate spae at the enter of the region
αλ(x) = αk + k · x+ . . . , (2)
where αk ≡ αλ(x = 0), k = ∂αλ(x = 0)/∂x, and we
start to label states by the index k in plae of λ. For the
sake of learness of the effets under investigation, we as-
sume the free dispersion law ωk =
√
m2 + k2. The quan-
tities k and ωk an be interpreted as quasi-momentum
and quasi-energy. The amplitude Afi (k1, k2; p+, p−) of
the annihilation proess depited in Fig. 2 reads
Afi (k1, k2; p+, p−) = 〈p+,p−
∣∣∣S(2)∣∣∣k1,k2〉
= −
∫
d4x1 d
4x2 〈p+,p−
∣∣T [H piI (x1)H lI(x2)] ∣∣k1,k2〉
= ie2
∫
d4x1 〈0, 0 |jpiν (x1)|k1,k2〉
×
∫
d4x2 〈p+,p−
∣∣jlµ(x2)∣∣ 0, 0〉DµνF (x1 − x2) , (3)
where
jpiµ (x)=−iφ(x)
↔
∂µ φ
+(x), jlµ(x)=ψ(x)γµψ(x),
and the photon propagator is
DµνF (x1 − x2) =
∫
d4P
(2π)4
gµν
P 2 + iǫ
e−iP ·(x1−x2) .
To reflet expliitly the finiteness of the spae-time vol-
ume of the pion system, one an extrat the pion 4-
density ρ(x1) and write it separately, so that the vertex
x1 in Fig. 2a, 2b is weighted by this density.
k1
k2
x1 x2
p
_
p
+
Fpi
γ∗
x
xx
x1'
x1
x2
k1
k2 p
_
p
+
Fpi γ∗
(a) (b)
Fig. 2. The first-order nonvanishing Feynman graph of the lepton
pair reation in the proess pi+ pi− → ρ → γ∗ → l l. The ir-
le whih surrounds the vertex x1 skethes the finite spae-time
region of the pion-pion interations.
Then, the amplitude an be rewritten in the form
Afi (k1, k2; p+, p−) = 4πα
∫
ρ(x1)d
4x1
∫
d4x2 φ
∗
k1(x1)
×φ∗k2(x1)DF (x1− x2)Fpi
(
(k1 + k2)
2
)
φp+(x2)φp−(x2)
×mfi (k1, k2; p+, p−), (4)
where α = e2/4π and φk(x) = [(2π)
32Ek]
−1/2 exp (−ik · x)
with k = k1, k = k2 for pion states and with k = p+,
k = p− for final lepton states (the lepton spinor
part is hidden in the matrix element mfi), where
p0± = E± =
√
m2e + p
2
±. The quasi-energy of inom-
ing pions is defined as k0i = Ei =
√
m2pi + k
2
i with
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i = 1, 2. A ρ-meson form-fator Fpi(M) is taken in the
form [16, 18℄
∣∣Fpi(M2)∣∣2 = m4ρ
(M2 −m′2ρ)2 +m2ρ Γ2ρ
(5)
with mρ = 775MeV, m
′
ρ = 761MeV, Γρ = 118MeV.
The standard alulation of the matrix element mfi gives
|mfi|2 =
∑
spins
t+ν tµ(k1 − k2)ν(k1 − k2)µ
= 8(k1 − k2) · p+ (k1 − k2) · p−
−4(k1 − k2)2(m2e + p+ · p−) , (6)
where tν = u(p−)γνv(p+) with u(p) and v(p) being the
eletron and positron spinors, respetively. In the mo-
mentum spae representation, amplitude (4) looks like
Afi(k1, k2; p+, p−) =
αFpi
(
(k1 + k2)
2
)
2π2
√
2E12E2
ρ(k1+ k2−p+−p−)
×DF (p+ + p−)mfi(k1, k2; p+, p−)
(2π)3
√
2E+2E−
, (7)
where ρ(k) =
∫
d4xρ(x)eik·x is the Fourier transform
of the pion density. The quantity ρ(k1+ k2−p+−p−)
in (7) stands obviously in plae of the delta funtion
(2π)4δ4(k1+ k2−p+−p−) as a refletion of the finiteness
of the spae-time volume oupied by the pion system.
We onsider two models (a) and (b) of the pion-pion
annihilation, and eah of them an be put in orrespon-
dene to Fig. 2a or Fig. 2b, respetively. Beause we
onentrate on the investigation of the influene of the
features of annihilating pion states on the dilepton emis-
sion, we take the vauum width and mass of the ρ-meson
form-fator in (5) for both models. At the same time, to
reflet in some way the influene of the dense hadron
environment on the propagation of a ρ-meson, we adopt
in model (a) a zero mean free path of ρ-mesons what
is refleted in the diagram, see Fig. 2a. Amplitude (4)
was written in aordane with model (a). On the other
hand, in the standard vetor meson dominane treat-
ment refleted by Fig. 2b, the expliit propagation of
a ρ-meson is taken into aount. The formal differene
of these two approahes reveals itself just as the differ-
ene of the arguments of the ρ-meson propagator Fpi(k
2)
whih is Fpi
(
(k1 + k2)
2
)
and Fpi
(
(p+ + p−)
2
)
for models
(a) and (b), respetively. It is worth to note that models
(a) and (b) oinide when there is no restrition on the 4-
volume of the reation zone. But it is not the ase when
the reation takes plae in a finite spae-time volume.
Below, we analyze the onsequenes of the differene of
these two approahes for the rate of dilepton emission.
The number of lepton pairs produed per event in the
element of the dilepton 4-momentum spae d4P from the
pion momentum spae elements d3k1 and d
3k2 reads
dN (ρ)
d3k1 d
3k2 d
4P
=
∫
d3p+ d
3p− δ
4(p+ + p− − P )
×
∣∣Afi (k1, k2; p+, p−) ∣∣2 , (8)
where the super index (ρ) denotes the presene of the pi-
on soure form-fator ρ(K−P ). Taking an expliit form
of amplitude (7), the expression on the r.h.s. of (8) an
be represented as
dN (ρ)
d3k1d
3k2d
4P
= |ρ(k1 + k2 − P )|2 dN
d3k1d
3k2d
4P
, (9)
where dN/d3k1d
3k2d
4P is the "standard" rate of parti-
le pair prodution with the total momentum P ,
dN
d3k1 d
3k2 d
4P
=
α2 |Fpi
(
(k1 + k2)
2
) |2
4π4 2E1 2E2 P
4
×
∫
d3p+
(2π)3 2E+
d3p−
(2π)3 2E−
|mfi|2 δ4(p+ + p− − P ). (10)
Meanwhile, there are new important features relevant
to (10) whih are the onsequene of the spae-time re-
stritions on the vertex x1 in the diagrams depited in
Fig. 2. Indeed, in the evaluation of the expression on
the r.h.s. of (10), it should be taken into aount the
relative movement of the pion-pion .m.s. and the lep-
ton pair .m.s. For instane, veloity of the pion-pion
.m.s. is vK = K/K0, where K = k1 + k2, whereas the
dilepton .m.s. moves with veloity vP = P/P0. That is
why, the veloities vK and vP are not idential now, as
it would have been in the presene of the delta-funtion
δ4(K −P ) when the annihilation reation takes plae in
the infinite spae-time. These two enter-off-mass sys-
tems are "disonneted" now and the relation between
the total momenta K and P is weighted by the form-
fator |ρ(K − P )|2 whih stands as a prefator on the
r.h.s. of (9).
Atually, the violation of the energy-momentum on-
servation is typial of quantum physis, when the pro-
ess or reation under onsideration takes plae during
a finite time interval (energy unertainty) or in a fi-
nite oordinate spae region (momentum unertainty).
In essene, any system with finite lifetime reveals a
resonane-like behavior, and the energy-smearing fun-
tion ρ(K0 − P 0) an look, hene, like the Breit-Wigner
funtion (Lorentz shape) ρ(K0 − P 0) = 1pi Γ(K0−P 0)2+Γ2
with Γ = 1/τ as the width of the energy probability dis-
tribution (τ is the lifetime) or like the Gaussian funtion
4
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ρ(K0 − P 0) = (τ/√π) exp [−(K0 − P 0)2τ2]. In these
probability distributions, P 0 represents the mean value
as an external quantity, and K0 is a running value of
energy whih is distributed around P 0. In our ase, the
total energy of the pion pair K0 is distributed around
a fixed value P 0 (experimentally measured dilepton to-
tal energy), and the smearing is a onsequene of the
finiteness of the pion system lifetime.
Substituting the result of the evaluation of the inte-
gral on the r.h.s. of (10) in (9), we obtain
dN (ρ)
d3k1 d
3k2 d
4P
= |ρ(k1 + k2 − P )|2 (k1 − k2)
2
P
3(2π)5
×α
2
∣∣Fpi ((k1 + k2)2)∣∣2
4π4 2E1 2E2 P
2
(
1 +
2m2e
P 2
)(
1− 4m
2
e
P 2
)1/2
, (11)
where integration was done in the lepton pair .m.s.
Subindex P denotes that the quantity (k1−k2)2 is taken
in the P-system whih is, by definition, the lepton pair
.m.s., whereas, subindex K means that the quantity is
taken in the K-system whih is the pion pair .m.s. As
we have disussed above, suh a separation is due to the
fat that the veloity vK of the K-system and that vP
of the P-system do not oinide. For the further alula-
tion, the quantity (k1−k2)2P will be Lorentz-transformed
to (k1 − k2)2K . For this purpose, we start from the o-
variant relation q2P = q
2
K , where the shorthand notation
q = k1 − k2 is adopted. Sine
(
q0P
)2
= (q · P )2/P 2, one
an write
q2P = q
2
K
(
1 +
P2K
P 2
cos2 θ
)
, (12)
where θ is the angle between vetors q and P when they
are onsidered in the pion pair .m.s. Taking into a-
ount that P2K =
(
P 0K
)2 − P 2 = (P ·K)2K2 − P 2, and sub-
stituting this relation in (12), we get the relation
(k1 − k2)2P = (k1 − k2)2K
[
1+cos2 θ
(
(P ·K)2
P 2K2
−1
)]
.
(13)
So, the expression on the r.h.s. of (13) is related to the
pion pair .m.s.
The next step of evaluations needs the averaging of
the quantity dN (ρ)/d3k1 d
3k2 d
4P (11) over the pion mo-
mentum spae with the distribution funtion whih re-
flets the model of a pion system reated in a relativis-
ti heavy ion ollision. For our estimation, we take the
widely used thermodynami model: the subsystem of pi-
ons whih is under onsideration is in the thermal equi-
librium haraterized by the temperature T . Then, one
has to weight the inoming pion momenta by a thermal
distribution funtion fth(E) and make integration with
respet to these momenta:〈
dN (ρ)
d4P
〉
=
∫
d3k1fth(E1)
∫
d3k2 fth(E2)
× dN
(ρ)
d3k1d
3k2d
4P
. (14)
It is pedagogial to represent this equation in the form
where the expliit fatorization of the pion soure form-
fator |ρ(K − P )|2 is made:〈
dN (ρ)
d4P
〉
=
∫
d4K |ρ(K − P )|2
〈
dN
d4K d4P
〉
. (15)
Here, we introdue the auxiliary quantity〈
dN
d4K d4P
〉
≡
∫
d3k1 fth(E1)
∫
d3k2 fth(E2)
× dN
d3k1d
3k2d
4P
δ4(k1 + k2 −K) , (16)
whih is the averaged dilepton number density with re-
spet to the total 4-momenta K and P . In this for-
mula, the spetrum dN/d3k1d
3k2d
4P equals the ex-
pression on the r.h.s. of (11) without the first fator
|ρ(k1 + k2 − P )|2. The meaning of the averaging on the
r.h.s. of (16) is quite transparent: we integrate over pion
momenta with weights whih are the thermal distribu-
tion funtions of pions in the momentum spae, keeping
meanwhile the total energy-momentum of the pion pair
as a onstant equal to K. The resulting quantity on the
l.h.s. of (16) looks like we ut the s-hannel of the rea-
tion π+π− → ll into two independent bloks (verties)
(see the diagrams depited in Fig. 2) and alulate the
distribution 〈dN/d4Kd4P 〉 with respet to the inom-
ing total momentum K and outgoing total momentum
P independently. Then, Eq. (15) gives the onnetion
of these verties with a weight funtion, the form-fator
|ρ(K − P )|2, by refleting the fat that the pion sys-
tem lives in a finite spae-time volume. On the other
hand, one an regard Eq. (15) as an averaging of the
random quantity
〈
dN
d4Kd4P
〉
with the help of the distri-
bution funtion |ρ(K − P )|2, whih is entered around
the mean value P . In this sense, the hadron medium
temporary holding pions in a loal spatial region (this
generates the loal pion distribution ρ(x)) randomizes
the system of pions on the quantum level. This random-
ization of the pion pair total momentum K is really a
quantum one as a partiular manifestation of the uner-
tainty priniple. Note that the thermal randomization of
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the multipion system was inluded already to the quanti-
ty
〈
dN
d4Kd4P
〉
(see (16)) through the thermal distribution
funtions fth(E).
Taking into aount a result of integration of the ex-
pression on the r.h.s. of (16), we an rewrite (15) as〈
dN (ρ)
d4P
〉
=
α2C2
3(2π)8
(
1− 4m
2
e
P 2
)1/2(
1 +
2m2e
P 2
)
×
∫
d4K |ρ(K − P )|2 e−βu·KK
2
P 2
∣∣Fpi(K2)∣∣2
×
(
1− 4m
2
pi
K2
)3/2 [
1 +
1
3
(
(P ·K)2
P 2K2
− 1
)]
, (17)
where u is the olletive 4-veloity of the pion sys-
tem, whih is an element of the fireball. We take the
Boltzmann distribution fth(E) = C exp(−βE) as a pion
thermal distribution funtion with inverse temperature
β = 1/T , where C is a normalization onstant. The fa-
tor 1/3 in the square brakets on the r.h.s. of (17) ap-
pears after the integration over angles. Expression (17)
is a final result for the distribution of the number of
partiles as a funtion of dilepton 4-momentum P . The
further evaluation an be made for a partiular form of
the pion system form-fator |ρ(K − P )|2.
We add for ompleteness that, for the proess whih
orresponds to the diagram depited in Fig. 2b [model
(b)℄, one should orret the last expression (17) by shift-
ing the pion form-fator whih is now taken in the form∣∣Fpi(P 2)∣∣2, in front of the integral.
The onvergene of (17) to the standard result [17℄
an be reognized, when one hanges the pion system
form-fator to the δ-funtion, namely ρ(K − P ) →
(2π)4δ(K − P ). It is easy to see that the expression in
square brakets an be immediately transformed to uni-
ty when K = P , beause there is no differene between
the P- and K-systems in this ase. They both move now
with the veloity vK = vP = P/P0. Then, dividing by
the 4-volume T˜ V (T˜ is the time interval and V is the
volume), we obtain the rate (R ≡ N/T˜V )〈
dR
d4P
〉
V→∞
T˜→∞
=
α2C2
3(2π)8
e−βP0
∣∣Fpi(P 2)∣∣2
×
(
1− 4m
2
pi
P 2
)3/2(
1− 4m
2
e
P 2
)1/2(
1 +
2m2e
P 2
)
. (18)
To obtain the distribution of the number of lepton pairs
with respet to the invariant massM of a pair, it is ne-
essary to integrate distribution (17),
〈
dN (ρ)/d4P
〉
, over
the 4-momentum spae P setting the value P 2 to M2,
namely〈
dN (ρ)
dM2
〉
=
∫
d4P
〈
dN (ρ)
d4P
〉
δ(P 2 −M2) θ(P0) . (19)
Hene, using our result (17), we an write the distri-
bution of the number of reated lepton pairs N (ρ) with
respet to the invariant mass M of a lepton pair as〈
dN (ρ)
dM2
〉
=
α2C2
3(2π)8
(
1− 4m
2
e
M2
)1/2(
1 +
2m2e
M2
)∫
d3P
2Ω(P)
×
∫
d4K θ (K0) θ
(
K2 − 4m2pi
) |ρ(K − P )|2 e−βK0 K2
M2
×∣∣Fpi(K2)∣∣2(1− 4m2pi
K2
)3/2[
1 +
1
3
(
(P ·K)2
M2K2
− 1
)]
(20)
with P0 = Ω(P) ≡
√
M2 +P2. As for the presene of
the θ-funtion θ
(
K2 − 4m2pi
)
on the r.h.s. of (20), we
would like to stress that the integration with respet to
K is going on over the domain where the invariant mass
of a pion pair Mpi ≡
√
K2 is not lesser than two pi-
on masses. On the other hand, possible finite values of
the distribution
〈
dN (ρ)/dM2
〉
below the two pion mass
threshold an our due to the smearing of the standard
rate whih is generated by the quantum flutuations of
the pion pair total momentum K as a realization of the
unertainty priniple. These quantum flutuations are
visualized in (20) by the presene of the pion system
form-fator |ρ(K − P )|2. Note, if one follows model (b)
whih orresponds to the proess depited in Fig. 2b,
then the ρ-meson form-fator on the r.h.s. of (20) should
be taken in the form
∣∣Fpi(M2)∣∣2 and shifted to the front
of the integral. Equation (20) is the main theoretial
result of the present paper. The next steps in the in-
vestigations of the rate (20) an be made by taking a
partiular soure form-fator |ρ(K − P )|2 of the many-
partile (multipion) system.
1.1 Gaussian pion system form-fator
To make an aess to the effets under investigation
transparent as muh as possible, we take, as a model
of the pion soure, the Gaussian distribution in spae
and the Gaussian deay of the multipion system
ρ(x) = exp
(
− t
2
2τ2
− r
2
2R2
)
, (21)
whih transforms to 1 for the large enough mean life-
time τ and mean radius R of the system, i.e., when
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lim τ→∞
R→∞
ρ(x) = 1, amplitude (4) omes to the standard
form. The Fourier transformation of ρ(x) reads
ρ(Q) = (2π)2τR3 exp
[
−1
2
(
Q20τ
2 +Q2R2
)]
. (22)
The orrespondene with the form-fator in ase of the
infinite spae-time volume should be installed as
lim
τ, R→∞
ρ2(Q) = T˜ V (2π)4δ4(Q) , (23)
where, on the r.h.s., one δ-funtion is transformed to the
4-volume, T˜ is a time interval, and V is a spatial vol-
ume. On the other hand, for the l.h.s. of (23), we have
expliitly
lim
τ,R→∞
ρ2(Q) = (π2τR3)(2π)4 δ4(Q) . (24)
Hene, by omparing the right-hand sides of (23) (24),
we an onlude that the quantity π2τR3 should rep-
resent the 4-volume T˜ V for the soure parametrization
(21).
With the use of the above soure distribution fun-
tion, Eq. (20) gives the spetrum with respet to the
lepton pair invariant mass during a unit time interval
and from the unit volume of the multipion system
〈
dN (ρ)
T˜ V dM2
〉
=
α2C2
3(2π)4
(
1− 4m
2
e
M2
)1/2(
1 +
2m2e
M2
)
×
∫
d4K θ (K0) θ
(
K2 − 4m2pi
)
e−βK0
K2
M2
∣∣Fpi(K2)∣∣2
×
(
1− 4m
2
pi
K2
)3/2 ∫
d3P
2
√
M2 +P2
τ
π1/2
e−(K0−P0)
2τ2
× R
3
π3/2
e−(K−P)
2R2
[
1 +
1
3
(
(P ·K)2
M2K2
− 1
)]
, (25)
where P0 = Ω(P) ≡
√
M2 +P2 and T˜ V = π2τR3. We
write the soure form-fator exponents together with
relevant oeffiients in the form whih shows the evi-
dent transformation to the δ-funtions δ (K0 − P0) and
δ3 (K−P) when τ →∞ and R→∞, respetively.
After the integration over angle variables in both
integrals on the r.h.s. of Eq. (25), we obtain the rate
(R(ρ) ≡ N (ρ)/ T˜V ) of dilepton prodution in the rea-
tion π+ π− → l l〈
dR(ρ)
dM2
〉
=
α2C2
3(2π)3
(
1− 4m
2
e
M2
) 1
2
(
1 +
2m2e
M2
)∫ ∞
−∞
PdP
P0
×
∫ ∞
0
KdK
R
π1/2
e−(K−P )
2R2
∫ ∞
√
4m2
pi
+K
2
dK0 e
−βK0
× τ
π1/2
e−(K0−P0)
2τ2 K
2
M2
∣∣Fpi(K2)∣∣2 (1− 4m2pi
K2
) 3
2
×
[
1+
1
3M2K2
(
(P ·K)2−M2K2+P ·K
R2
+
1
2R4
)]
, (26)
where we use the notations
K ≡ |K| , P ≡ |P| , P0 = Ω(P ) =
√
M2 + P
2
,
K2 = K20 −K
2
, P ·K = Ω(P )K0 − PK .
Let us reall that the expression in square brakets on
the r.h.s. of (26) is a relativisti orretion whih aris-
es when we perform the Lorentz transformation of the
quantity (k1 − k2)2 from the lepton pair .m.s. to the
pion pair .m.s. The influene of the finite spatial size of
the system on the orretion disussed is expliitly repre-
sented by two terms ∝ R−2 and ∝ R−4 whih reflet the
fat that the relativisti orretion is larger for a smaller
pion system. We note again that, within model (b) or-
responding to the proess depited in Fig. 2b, just one
orretion should be done in expressions (25) and (26).
Formally, it is neessary to hange the pion form-fator
argument from K2 to M2, and then it an be written in
front of the integral in the form
∣∣Fpi(M2)∣∣2.
1.2 Passage to the limits R→∞ and τ →∞
First, we onsider the limit R → ∞, whih means that
the multipion system oupies the infinite volume in the
oordinate spae, but lives for a finite lifetime in this
state. By performing the integration in Eq. (26) with
the use of the δ-funtion δ(K − P ), we obtain〈
dR(ρ)
dM2
〉
R→∞
=
α2C2τ
24π7/2
(
1− 4m
2
e
M2
)1/2(
1 +
2m2e
M2
)
×
∫ ∞
0
P
2
dP
Ω(P )
∫ ∞
√
4m2
pi
+P
2
dK0e
−[K0−Ω(P )]
2τ2e−βK0
K2
M2
×∣∣Fpi(K2)∣∣2(1− 4m2pi
K2
)3/2[
1 +
P
2 (
K0−Ω(P )
)2
3M2K2
]
, (27)
where Ω(P ) =
√
M2 + P
2
, K2 = K20 − P
2
. It is rea-
sonable to note that, due to a finite lifetime τ of the
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multipion system and, thus, a finite lifetime of annihi-
lating pion states, the off-shell behavior of the two-pion
system is seen pretty well. Indeed, it is refleted by the
presene of the distribution (τ/
√
π)e−[K0−Ω(P )]
2τ2
of the
flutuating total energy K0 of the pion pair around the
nominal quantity Ω(P ) =
√
M2 +P2 in the integrand
on the r.h.s. of (27). At the same time, the disrepany
of K0 and P0 auses the differene of veloity P/K0 of
theK-system and veloityP/P0 of the P -system. Hene,
it determines the relativisti orretion whih is mani-
fested by the presene of square brakets on the r.h.s.
of (27). Let us onsider now another limit. We take the
infinite lifetime of the pion system (τ→∞), but a finite
volume of the reation region. This leads to the equality
of the total energies of lepton and pion pairs. The re-
sult of integration over K0 on the r.h.s. of (26) with the
help of the δ-funtion δ
(
K0 − Ω(P )
)
is not zero when
the following inequality holds:√
4m2pi +K
2
6 Ω
(
P
)
. (28)
If the measured dilepton invariant mass M is larger
than 2mpi, inequality (28) results in a restrition from
above of the integration over K. Then the integration
is arried out in the limits [0,Kmax], where Kmax =√
P
2
+M2 − 4m2pi. On the other hand, if the measured
dilepton invariant mass M 6 2mpi, it is neessary to in-
trodue a restrition on the limits of integration over the
total momentum of the lepton pair P . By keeping all this
together, we write the rate of the reation π+ π− → l l in
the ase of a finite spatial volume of the reation region
as〈
dR(ρ)
dM2
〉
τ→∞
=
∫ ∞
−∞
dP J
(
M,R,P
)
− θ (2mpi −M)
∫ Pmin
−Pmin
dPJ
(
M,R,P
)
, (29)
where Pmin =
√
4m2pi −M2 and
J
(
M,R,P
)
=
α2C2R
24(π)7/2
P e−βΩ(P )
Ω
(
P
) ∫ Kmax
0
KdK
× e−(K−P )2R2 K
2
M2
∣∣Fpi(K2)∣∣2(1− 4m2pi
K2
)3/2
×
[
1+
1
3M2K2
(
Ω2
(
P
) (
P −K)2+P ·K
R2
+
1
2R4
)]
(30)
with Ω(P ) =
√
M2 + P
2
, K2 = Ω2
(
P
)−K2 , P ·K =
Ω2
(
P
)− PK and Kmax =√P 2+M2−4m2pi .
For ompleteness, let us onsider the rate when we
take both limits, R → ∞ and τ → ∞. Equation (27)
represents the rate in the ase of infinite spatial volume.
If, in addition, we onsider a big enough lifetime of the
multipion system, i.e. if we take the limit τ →∞, this re-
sults in the appearane of the δ-funtion δ
(
K0 − Ω(K)
)
on the r.h.s. of (27), and the integration gives〈
dR(ρ)
dM2
〉
R→∞
τ→∞
=
α2C2
3(2π)3
(
1− 4m
2
e
M2
)1/2(
1 +
2m2e
M2
)
×∣∣Fpi(M2)∣∣2 (1− 4m2pi
M2
)3/2
M
β
K1(βM) , (31)
where K1(z) is a MDonald funtion of the first order.
So, we ome to the standard result [17℄ for the rate of
dilepton emission in π+ π− annihilation in the ase of
the Boltzmann distribution of pions in the stationary
infinite multipion system.
1.3 Evaluations of the dilepton emission rate
Before going to numerially evaluate the rate of dilep-
ton emission, let us briefly onsider the geometry of a
multipion system.
After the nulei ollision, the highly exited nulear
matter goes through several stages. At the same time, all
steps of the partile-partile transformations take plae
against the bakground of the spatial dynamis of the
system. It is believed that the total system of pions whih
were reated after hadronization expands in all dire-
tions, and it is a hard task to find even quasi-equilibrated
pions in the fireball taken as a whole.
Let us, however, onsider a loally equilibrium sys-
tem of pions whih is a small part of the total system
(fireball) and moves with a olletive veloity v. We
draw it shematially in Fig. 1, where the arrows mean
the radially direted veloities of the expanding hadron
matter. Just to be transparent in the onsideration of
finite spae-time effets, we adopt a quasi-stati piture.
If, for heavy olliding nulei, the fireball is of the mean
radius R0 ∝ 4÷ 10 fm, what is known from interferome-
try, then the spatial region oupied by pions whih are
in loal equilibrium is of the size R ∝ 1 ÷ 5 fm. This
small region is depited in Fig. 1 as a irle of radius R
on the body of the fireball. Hene, the onsideration of
the previous paragraphs an be attributed to the mul-
tipion subsystem whih is in the loal equilibrium in a
small spatial region (on the sale of the fireball size)
haraterized by radius R. The evolution of this multip-
ion subsystem in time is restrited by the mean lifetime τ
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whih is not bigger than the total lifetime of the fireball.
We evaluate numerially integrals (26) for different sets
of parameters R and τ . Fig. 3 shows the reation rate
dR
(ρ)
e+e−/dM for eletron-positron pairs appearing from
a hot multipion subsystem haraterized by the temper-
ature T = 180 MeV.
7 - infinite R, τ
6 - R = 20 fm, τ = 20 fm/c
5 - R = 10 fm, τ = 10 fm/c
4 - R = 5 fm, τ = 5 fm/c
3 - R = 3 fm, τ = 3 fm/c
2 - R = 2 fm, τ = 2 fm/c
1 - R = 1 fm, τ = 1 fm/c
INVARIANT MASS (MeV)
pi+pi− → e+e−
T=180 MeV
1
2
3
4
5
6
7
e
+
e
−
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A
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A
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R
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E
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1
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−
4
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Fig. 3. The rate dR
(ρ)
e+e−
/dM of eletron-positron pair reation in
pion-pion annihilation. Different urves orrespond to the differ-
ent spatial sizes R and different lifetimes τ of a hot pion system,
T = 180 MeV.
There are seven urves in this figure whih are labelled
by numbers 1, . . . , 7 in the following orrespondene to
the values of the mean size of the pion subsystem and
its lifetime: 1) R = 1 fm, τ = 1 fm/; 2) R = 2 fm,
τ = 2 fm/; 3) R = 3 fm, τ = 3 fm/; 4) R = 5 fm,
τ = 5 fm/; 5) R = 10 fm, τ = 10 fm/; 6) R = 20 fm,
τ = 20 fm/; 7) R = ∞, τ = ∞. The evaluation for
the infinite spae-time volume (see (31)), orresponds
to urve 7. Notie how the e+e− emission rate deviates
from the standard one (urve 7): it is finite in the region
of the lepton invariant mass M 6 2mpi. As we disussed
above, it is a onsequene of the quantum flutuations of
the total pion pair momentumK around the total lepton
pair momentum P (unertainty priniple). We empha-
size as well that the tendeny of urves 1, 2 in Fig. 3
is similar to CERES data [1, 2℄. In Fig. 4, we show the
evaluation of the reation rate dR
(ρ)
µ+µ−/dM for µ
+µ−-
pairs at the same temperature T = 180 MeV, as for
eletron-positron reation. There are also seven urves
in this figure whih are labelled by numbers from 1 to
7 in the same orrespondene to the values of the mean
size R and mean lifetime τ of the pion subsystem as we
take for the previous figure. Notie that the stronger the
deviation of the µ+µ− reation rate for a finite pion sys-
tem from that for an infinite pion system, the lesser the
spatial size and lifetime of the pion system similarly to
the ase of e+e− reation. Of ourse, it is a refletion of
the unertainty priniple whih is formally expressed by
the presene of the distribution (pion soure form-fator)
|ρ(K − P )|2 as a fator of the integrand on the r.h.s. of
(15). The presene of the form-fator of the pion subsys-
tem results in a broadening of the rate: the effet is big-
ger when the parameters R and τ are smaller. Evidently,
the biggest broadening was obtained for the pion subsys-
tem with mean radius R = 1 fm and lifetime τ = 1 fm/.
In ontrast to the standard result, Fig. 4 shows that the
threshold of µ+µ− reation is at the value of invariant
mass Mµ
+µ−
thresh = 2mµ ≈ 211.3 MeV.
7 - infinite R, τ
6 - R = 20 fm, τ = 20 fm/c
5 - R = 10 fm, τ = 10 fm/c
4 - R = 5 fm, τ = 5 fm/c
3 - R = 3 fm, τ = 3 fm/c
2 - R = 2 fm, τ = 2 fm/c
1 - R = 1 fm, τ = 1 fm/c
INVARIANT MASS (MeV)
pi+pi− → µ+µ−
T=180 MeV
1
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4
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Fig. 4. The rate dR
(ρ)
µ+µ−
/dM of µ+µ− pair reation in pion-
pion annihilation. Different urves orrespond to the different
spatial sizes R and different lifetimes τ of a hot pion system,
T = 180 MeV.
An analogous threshold for eletron-positron re-
ation, M e
+e−
thresh = 2me ≈ 1.02 MeV, is not been visi-
ble on the sale of mass span whih is taken in Fig. 3.
In Fig. 5, we show the reation rate dR
(ρ)
e+e−/dM for
eletron-positron pairs in the region of the threshold for
the mean radius R = 1 fm and lifetime τ = 1 fm/ of
the pion subsystem. The solid urve is a result of the
evaluation of expression (26). Dashed urve 2 is a re-
sult of the evaluation of expression (26) whih is short-
ened by dropping out the last square brakets on the
r.h.s. of the equation. Reall that the expression in these
square brakets arries the effet of a relative movement
of the pion-pion .m.s. and the eletron-positron .m.s.,
whih is a onsequene of the violation of the energy-
momentum onservation in s-hannel. We see that, in
the region of the eletron-positron reation threshold
M = 2me, this effet (Fig. 5, urve 1) is realized as
four additional orders to the reation rate omparing to
the rate without taking into aount the relative veloity
(urve 2).
9
D. V. ANCHISHKIN, V. M. KHRYAPA, R. A. NARYSHKIN, P. V. RUUSKANEN
2 - without relativistic correction
1 - R = 1 fm, τ = 1 fm/c
INVARIANT MASS (MeV)
pi+pi− → e+e−
T=180 MeV
1
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Fig. 5. The rate dR
(ρ)
e+e−
/dM of eletron-positron pair reation in
pion-pion annihilation in the threshold region. Mean spatial size
R = 1 fm, lifetime τ = 1 fm/, T = 180 MeV. Curve 1 is evaluated
in aordane with expression (26). Curve 2 is evaluated for the
same integral (26) but without the last fator in square brakets
whih reflets a relative movement of the pion-pion .m.s. and the
eletron-positron .m.s.
Fig. 6 shows the same evaluations as the previous one
but in a wider range of invariant masses. Curves 1, 2,
3 are evaluated in aordane with formula (26), where-
as, urves 1n, 2n, 3n are evaluated in aordane with
Eq. (26), where the relativisti fator [the last square
brakets on the r.h.s. of (26)℄ is dropped out.
4 - infinite R, τ
3n - R = 10 fm, τ = 10 fm/c
3 - R = 10 fm, τ = 10 fm/c
2n - R = 3 fm, τ = 3 fm/c
2 - R = 3 fm, τ = 3 fm/c
1n - R = 1 fm, τ = 1 fm/c
1 - R = 1 fm, τ = 1 fm/c
INVARIANT MASS (MeV)
pi+pi− → e+e−
T=180 MeV
1
1n
2
2n
3
3ne
+
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Fig. 6. The rate dR
(ρ)
e+e−
/dM of eletron-positron pair reation in
pion-pion annihilation with (urves 1, 2, 3) and without (urves
1n, 2n, 3n) a .m.s. relativisti orretion. Different urves orre-
spond to the different spatial sizes R and different life times τ of
the pion system. Curve 4 orresponds to the infinite size of the
pion system.
Dash-dotted urves 1 and 1n orrespond to R = 1 fm,
τ = 1 fm/; solid urves 2 and 2n orrespond to R =
3 fm, τ = 3 fm/; dashed urves 3 and 3n orrespond
to R = 10 fm, τ = 10 fm/, and long-dash-dotted urve
4 orresponds to the infinite spae-time volume of the
reation region. We see that the relativisti effet un-
der onsideration is attributed to the region of invariant
masses whih is below the invariant massM = 2mpi and
inreases with derease in the size of the pion system.
The latter is partially explained by the presene of last
two terms, P ·K/R2 and 1/(2R4), in square brakets on
the r.h.s. of (26). Notie that this effet for the muon
pair reation rate is pratially not visible even for the
pion system of the size R = 1 fm, τ = 1 fm/, beause
the real threshold 2mµ is lose to the 2mpi.
Next, we ompare the emission rates obtained in
the frame of two models (a) and (b). Model (a) (see
Fig. 2a) reflets the presene of a dense hadron environ-
ment whih affets the ρ-meson propagation: due to the
medium effets, the ρ-meson mean free path and mean
lifetime are strongly suppressed inside the dense nulear
matter.
4 - infinite R, τ
3b - R = 10 fm, τ = 10 fm/c
3a - R = 10 fm, τ = 10 fm/c
2b - R = 3 fm, τ = 3 fm/c
2a - R = 3 fm, τ = 3 fm/c
1b - R = 1 fm, τ = 1 fm/c
1a - R = 1 fm, τ = 1 fm/c
INVARIANT MASS (MeV)
pi+pi− → e+e−
T=180 MeV
1a
1b
2a
2b
3a
3be
+
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Fig. 7. The rate dR
(ρ)
e+e−
/dM of eletron-positron pair reation in
pion-pion annihilation. All urves whih are labelled by letter "a"
were evaluated in the model whih orresponds to the diagram de-
pited in Fig. 1a. All urves whih are labelled by letter "b" were
evaluated in the model whih orresponds to the diagram depit-
ed in Fig. 1b. The values of the mean spatial size and life time:
dash-dotted urves (1a and 1b) - R = 1 fm, τ = 1 fm/; dashed
urves (2a and 2b) - R = 3 fm, τ = 3 fm/; dotted urves (3a and
3b) - R = 10 fm, τ = 10 fm/; solid urve (4) - infinite spae-time
volume. Effetive temperature T = 180 MeV.
As a limit of this suppression, we adopt in model (a)
a zero mean free path and zero lifetime keeping vau-
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um parameters of the ρ-meson form-fator (5). Model
(b) (Fig. 2b) is a ontra-pole to model (a): the ρ-meson
propagation is not affeted at all by the hadron environ-
ment. Then, the real piture of the pion annihilation in
a dense nulear matter will be somewhere between these
two limit models. Fig. 7 shows the rate dR
(ρ)
e+e−/dM of
eletron-positron pair reation evaluated in the frame of
models (a) and (b). Curves 1a, 2a, 3a are obtained as
above by the evaluation of formula (26). Curves 1b, 2b,
3b are obtained by the evaluation of formula (26), when
the argument of the pion form-fator is hanged fromK2
to M2. Then it an be written in front of the integral
in the form
∣∣Fpi(M2)∣∣2. This hange orresponds to the
integration of the vertex x′1 (see Fig. 2b) over infinite
spae-time volume. Dash-dotted urves 1a and 1b orre-
spond to R = 1 fm, τ = 1 fm/; dashed urves 2a and 2b
orrespond to R = 3 fm, τ = 3 fm/; dotted urves 3a
and 3b orrespond to R = 10 fm, τ = 10 fm/, and sol-
id urve 4 orresponds to the infinite spae-time volume
of the reation region. The temperature of the loally
equilibrated pion system was taken T = 180 MeV. The
omparison of urves 1a and 1b evidently shows that the
ρ-meson peak beomes muh more pronouned, when we
shift from model (a) to model (b). Hene, we an on-
lude that, due to the small mean size and lifetime of the
pion subsystem, we obtain a strong effetive smearing of
the ρ-meson form-fator
∣∣Fpi(K2)∣∣2 in the frame of mod-
el (a). But this differene beomes smaller with inrease
in the mean parameters R and τ . For instane, the be-
havior of urves 2a and 2b is qualitatively the same for
R = 3 fm, τ = 3 fm/.
Fig. 8 shows the emission rate dR
(ρ)
µ+µ−/dM of the
µ+ µ− pair reation for models (a) and (b). We see that
model (a) again reveals indeed a very strong smear-
ing of the ρ-meson peak beause of the presene of the
pion system form-fator |ρ(K − P )|2, when it hara-
terized by the smallest parameters under onsideration:
R = 1 fm, τ = 1 fm/. Meanwhile, for the same set of
parameters, the µ+ µ− emission rate evaluated in the
frame of model (b) (dash-dotted urve 1b) pratial-
ly oinides with the standard result (solid urve 4) in
the region M > 450 MeV. But, for invariant masses
M 6 450 MeV, the emission rate reveals a strongly pro-
nouned flat shoulder with a ut off at the threshold
M = 2mµ = 211.3 MeV. For the parameters R = 3 fm,
τ = 3 fm/, the emission rates for models (a) and (b) are
not so distinguishable for invariant masses above the ρ-
peak (dotted urves 2a and 2b). But when the invariant
mass is below the ρ-peak, these emission rates manifest
a well visible orridor where, as we disussed before, the
real rate should be found.
4 - infinite R, τ
3b - R = 10 fm, τ = 10 fm/c
3a - R = 10 fm, τ = 10 fm/c
2b - R = 3 fm, τ = 3 fm/c
2a - R = 3 fm, τ = 3 fm/c
1b - R = 1 fm, τ = 1 fm/c
1a - R = 1 fm, τ = 1 fm/c
INVARIANT MASS (MeV)
pi+pi− → µ+µ−
T=180 MeV
1a
1b
2a
2b
3a
3bµ
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Fig. 8. The rate dR
(ρ)
µ+µ−
/dM of µ+ µ− pair reation in pion-pion
annihilation. All urves are labelled as in Fig. 7. The set of param-
eters is also taken as in Fig. 7.
At last, when the mean size of the pion subsystem
is R = 10 fm, i.e. is omparable to the size of the fire-
ball, and the mean lifetime is τ = 10 fm/ whih is also
omparable with the lifetime of the fireball, the emission
rates evaluated in the frame of models (a) and (b) are
not distinguishable (dense dotted urves 3a and 3b), but
a ut off of the rates is at the threshold M = 2mµ.
For omparison, we present in Figs. 9 and 10 the
results of the evaluation of the rate dR
(ρ)
e+e−/dM of
eletron-positron pair reation in a QGP (quark-gluon
plasma) drop from quark-antiquark annihilation.
τ=infinite, R=infinite
τ=10 fm/c, R=10 fm
τ=10 fm/c, R=5 fm
τ=10 fm/c, R=2 fm
τ=10 fm/c, R=1 fm
INVARIANT MASS (MeV)
qq → e+e−
T = 180 MeV
e
+
e
−
C
R
E
A
T
IO
N
R
A
T
E
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eV
−
1
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−
4
)
300250200150100500
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10−6
10−7
10−8
10−9
10−10
10−11
Fig. 9. The rate dR
(ρ)
e+e−
/dM of eletron-positron pair reation in
quark-antiquark annihilation. Different urves orrespond to the
different spatial sizes R at the lifetime τ = 10 fm/ of a QGP
drop, T = 180 MeV.
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The evaluation was arried out under the same assump-
tions as for pion-pion annihilation. As in the previous
ase, we see the inrease of the rate with derease in the
invariant mass up to the two-quark mass threshold, i.e.
M = 2mq = 10 MeV.
τ=infinite, R=infinite
τ=10 fm/c, R=2 fm
τ=3 fm/c, R=2 fm
τ=2 fm/c, R=2 fm
INVARIANT MASS (MeV)
qq → e+e−
T = 180 MeV
e
+
e
−
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R
E
A
T
IO
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R
A
T
E
(M
eV
−
1
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−
4
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300250200150100500
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10−7
10−8
10−9
10−10
10−11
Fig. 10. The rate dR
(ρ)
e+e−
/dM of eletron-positron pair reation in
quark-antiquark annihilation. Different urves orrespond to the
spatial size R = 2 fm and the different life times τ of QGP drop,
T = 180 MeV.
The different behavior of the rate (ompared to the
ase of infinite spae-time) for small invariant masses
M 6 300 MeV is due to quantum flutuations whih o-
urs beause of a finite size of the QGP drop. It should be
pointed out the absene of the dependene of the rate on
the lifetime of a quark-antiquark system when the size of
the system is omparatively small, for instane R = 2 fm
like in Fig. 10. This fat an be explained with the use of
the quark (or pion) density taken in partiular form (21).
Indeed, for the system whih is onfined in three spatial
dimensions, every of three spatial oordinate densities in
(21), for instane, exp (−x2i /R2) with i = 1, 2, 3, orre-
sponds to one integration in (15) over a omponent of
the annihilating pair total momentum Ki. Hene, there
are three integrations on the r.h.s. of (15) every of eah
arries a fator, whih is responsible for quantum flutu-
ations in its own spatial dimension, for instane, one of
three fators is (2π)1/2R · exp(−R2K2i ). Meanwhile, the
spetral funtion, whih is responsible for the finiteness
of the system lifetime, for instane (2π)1/2τ ·exp(−τ2K20 )
as in our ase, emerges as an integrant fator just one
during integration over K0. That is why the variations
of the spatial size of a many-partile system influene
the shape of the dilepton prodution rate muh stronger
than the variations of the system lifetime.
2. Disussion and onlusions
In the present work, we have studied the effet of pion-
pion and quark-quark annihilation in a finite spae-time
volume on the dilepton yield. Due to the unertain-
ty priniple, a restrition of the volume and time of
these reations results in breaking the detailed energy-
momentum onservation in the s-hannel of the re-
ations. Formally, this expresses in the alteration of
(2π)4δ4(K −P ) to the distribution ρ(K −P ) in the am-
plitude of the reation, where |ρ(K−P )|2 appears as the
form-fator of a multipion subsystem (quark-antiquark
system), K = k1 + k2 is the total 4-momentum of an
annihilating pion (quark) pair, and P = p+ + p− is
the total 4-momentum of the reated lepton pair. For
this kinematis, the energy-momentum onservation is
valid as an integral law whih is guaranteed by the re-
lation
∫
[d4K/(2π)4]ρ(K − P ) = 1, where the registered
4-momentum P plays the role of the enter (or the mean
value) of the distribution ρ(K − P ) with respet to the
total 4-momentum K of an annihilating pair as a flutu-
ating quantity. As a result of the above mehanism, the
rate of lepton pair yield is a finite quantity below the
"threshold" M = 2mpi. Atually, the real threshold is
determined as the total mass of the registered partiles,
i.e., M e
+e−
thresh = 2me for e
+ e− prodution (see Fig. 5),
where me is the eletron mass, and M
µ+µ−
thresh = 2mµ for
µ+ µ− prodution (see Fig. 4), where mµ is the mass of a
µ-meson. In the alulations made, we kept the invariant
mass of a pion-pion (quark-quark) pair not lesser than
2mpi (2mq), or the range of integration over the total
4-momentum K of a pion (quark) pair was determined
as K2 > 4m2pi (K
2 > 4m2q).
At first sight, the appearane of finite values of the
rate below the invariant mass M = 2mpi an look para-
doxial. Meanwhile, we reall that, in the alulation of
the rate (see (17) and (20)), replaing a δ-funtion in
the integrand by a distribution |ρ(K − P )|2 results in
the additional integration where the total momentum of
a registered pair P or its invariant massM =
√
P 2 plays
the role of an external parameter. Then, if the distribu-
tion |ρ(K − P )|2 is wide enough, it an lead to a finite
result of integration for those values of P or M whih
gave zero value of the integral in the presene of the
δ-funtion δ4(K − P ).
To give the intuitive feeling how it is going on, let us
onsider the toy averaging of a "good" funtion R(M ′)
over the flutuating variable M ′ by using the distribu-
tion funtion ρ(M ′−M) = (τ/√π) exp [−(M ′ −M)2τ2]
whih has the mean valueM (measurable quantity) and
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the width of the distribution 1/τ . Then, this averaging
reads
〈R 〉(M) =
∫ ∞
2mpi
dM ′ R(M ′)
τ√
π
e−(M
′
−M)2τ2 , (32)
where the variable M ′ (an analog of the two-pion in-
variant mass) varies in the region 2mpi < M
′ < ∞.
For long enough lifetimes (τ → ∞), we immediately
obtain, as a result of averaging the funtion R taken
at the value M ′ = M , 〈R〉(M) = R(M)θ(M − 2mpi).
The presene of the θ-funtion in this expression stress-
es the fat that, for the infinite lifetime, the invariant
mass M of a lepton pair should be bigger than the to-
tal mass of annihilating partiles, it is 2mpi in the ase
under onsideration. Meanwhile, for a finite lifetime, for
instane τ = 1 ÷ 10 fm/, the integral is not zero for
mean values of the distribution M whih are lesser than
2mpi. For example, we an onsider even the extreme-
ly small value M = 2me ≈ 1 MeV. Then, though the
distribution funtion ρ(M ′ −M) is entered around the
mean value M = 2me, i.e. beyond the region of integra-
tion 2mpi 6 M
′ < ∞, the right wing of the distribution
ρ(M ′ −M) is valued enough to make the result of inte-
gration on the r.h.s. of (32) quite signifiant to be taken
into aount. The illustration of this evaluation is de-
pited in Fig. 11, where the integrand in (32) is shown
shematially as a solid line. The value of integral (32)
〈R 〉(M) equals the shaded area whih starts from the
value M ′ = 2mpi.
0 M M'
R   (M)< >
2m pi
Fig. 11. Sketh of the integrand in Eq. (32). The integral is eval-
uated when the value of the parameter M is lesser than the lower
limit of integration, 2mpi .
In a similar way, if the lifetime or/and size of the multi-
pion system is small enough, we obtain a nonvanishing
rate for dilepton invariant masses whih are lesser than
2mpi, whereas the invariant masses of the two-pion sys-
tem (it isM ′ in our toy example) is ertainly bigger than
2mpi.
One of the onsequenes of breaking the exat equali-
ty between the total 4-momentumK of an inoming pion
pair and the total 4-momentum P of an outgoing lepton
pair is a nonoinidene of two enter-of-mass systems:
veloity of the π+ π− .m.s., for instane in lab system,
differs from veloity of the l+ l− .m.s. This results in
the following: if some quantity was obtained through
alulations in the l+ l− .m.s. for its use in the π+ π−
.m.s. this quantity should be Lorentz-transformed. The
Lorentz transformation brings an additional deviation
of the dilepton yield from the standard one. As seen
from Figs. 5, 6, the manifestation of this effet for e+ e−
prodution is essential in the region whih is below
M = 2mpi and the effet is washed out pratially for
invariant masses whih are bigger than two pion masses.
Note that, this effet is not visible pratially for µ+ µ−
prodution (see Fig. 4) beause the threshold invariant
mass is big enough, Mµ
+µ−
thresh = 2mµ ≈ 211.3 MeV, and
lies very lose to M = 2mpi. We use the onept that a
dense hadron medium dereases the ρ-meson mean free
path and lifetime. As a limit of this diminution, one an
assume the zero mean free path and the zero mean life-
time of a ρ-meson. We onsidered two models of pion-
pion annihilation in a hadron medium. The first model
(a) (Fig. 2a) mimis an extreme influene of the dense
hadron environment through adopting a ρ-meson mean
free path and mean lifetime to be equal to zero (a ρ-
meson does not propagate in the hadron environment),
whereas the parameters of the ρ-meson form-fator is
taken as the vauum one. In aordane with the seond
model (b) (Fig. 2b), a ρ-meson propagates in the hadron
environment without any suppression due to the envi-
ronment (the vauum parameters of the ρ-meson propa-
gator are adopted as well). The models under onsider-
ation reflet two limiting ases: an extreme influene of
the dense hadron medium [model (a)℄ and the absene
of influene of the hadron environment [model (b)℄ on
the ρ-meson mean free path and mean lifetime. Then,
the evaluations of dilepton rates in the frame of both
models mean the determination of the orridor whih
should absorb a real rate. We ompared the rates eval-
uated in the frame of both models and found that the
differene between them is onsiderable just for small
sizes of the multipion systems (see Figs. 7, 8). So, if an-
nihilating (interating) partiles are onfined to a finite
spae-time region, this inspires several effets whih give
rise to the new features of the dilepton prodution rate
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in omparison to the standard rate, whih is attributed
to the infinite spae-time. In the present paper, we on-
sidered just two of these effets: 1) Diret ontribution
from the multipartile system form-fator and 2) The
relativisti orretion whih is due to the differene of
veloities of the .m.s. of outgoing partiles (l+ l− pair)
and the .m.s. of inoming partiles (π+ π− or qq pair). It
is found that even these two ontributions give a signif-
iant effet on the dilepton yield. Meanwhile, the third
ontribution whih omes from the nonstationarity of a
onfined multipartile (multipion, multiquark) system is
still left beyond the sope of the paper. We reserve a on-
sideration of this problem to the next paper whih is in
progress as well as the appliation of the approah elabo-
rated to other reations whih take plae in quark-gluon
and hadron plasmas.
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